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Rutherford’s Model of the Atom

The early years of the 20th century were generally a period of incredible
ferment and change in physics, including the advent of relativity, quantum
theory, and atomic and subatomic physics. Hardly had the reality of pristine,
indivisible atoms been established (“They are the only material things which
still remain in the precise condition in which they first began to exist” wrote
Maxwell in 1872), when Thomson announced their divisibility in 1899: “Elec-
trification essentially involves the splitting of the atom, a part of the mass of
the atom getting free and becoming detached from the original atom.” Fur-
ther daring assaults on the indivisibility of the chemical atom came from the
experimental work on radioactivity by Marie Curie (1867-1934, a Polish physi-
cist—chemist), and by Ernest Rutherford (1871-1937, New Zealand physicist),
and Frederick Soddy, a British physicist, who explained radioactive transforma-
tions of elements in terms of the emission of subatomic particles. The porosity
of atoms was also known before 1910 from Lenard’s experiments, which
showed that electrons are easily transmitted through thin metal and mica foils.
All these discoveries, plus the suspicion that the intricate atomic spectral lines
(light emitted at a discrete set of frequencies characteristic of each element)
must be produced by charge rattling around inside the atom, led to various
proposals concerning the internal structure of atoms. The most famous of
these early atomic models was the Thomson “plum-pudding” model (1898).
This proposal viewed the atom as a homogeneous sphere of uniformly distrib-
uted mass and positive charge in which were embedded, like raisins in a plum
pudding, negatively charged electrons, which just balanced the positive charge
to produce electrically neutral atoms. Although such models possessed electri-
cal stability against collapse or explosion of the atom, they failed to explain
the rich line spectra of even the simplest atom, hydrogen.

The key to understanding the mysterious line spectra and the correct
model of the atom were both furnished by Ernest Rutherford and his stu-
dents Hans Geiger (1882-1945, German physicist) and Ernest Marsden
(1899-1970, British physicist) through a series of experiments conducted
from 1909 to 1914. Noticing that a beam of collimated « particles broadened
on passing through a metal foil yet easily penetrated the thin film of metal,
they embarked on experiments to probe the distribution of mass within the
atom by observing in detail the scattering of « particles from foils. These
experiments ultimately led Rutherford to the discovery that most of the
atomic mass and all of the positive charge lie in a minute central nucleus of
the atom. The accidental chain of events and the clever capitalization on the
accidental discoveries leading up to Rutherford’s monumental nuclear theory
of the atom are nowhere better described than in Rutherford’s own essay
summarizing the development of the theory of atomic structure:

... I would like to use this example to show how you often stumble upon facts by

accident. In the early days I had observed the scattering of a-particles, and

Dr. Geiger in my laboratory had examined it in detail. He found, in thin pieces of

heavy metal, that the scattering was usually small, of the order of one degree. One
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day Geiger came to me and said, “Don’t you think that young Marsden, whom I am
training in radioactive methods, ought to begin a small research?” Now I had
thought that, too, so I said, “Why not let him see if any a-particles can be scattered
through a large angle?” I may tell you in confidence that I did not believe that they
would be, since we knew that the a-particle was a very fast, massive particle, with a
great deal of energy, and you could show that if the scattering was due to the accu-
mulated effect of a number of small scatterings the chance of an a-particle’s being
scattered backwards was very small. Then I remember two or three days later Geiger
coming to me in great excitement and saying, “We have been able to get some of
the a-particles coming backwards. . ..” It was quite the most incredible event that
has ever happened to me in my life. It was almost as incredible as if you fired a 15-
inch shell at a piece of tissue paper and it came back and hit you. On consideration,
I realized that this scattering backwards must be the result of a single collision, and
when I made calculations I saw that it was impossible to get anything of that order of
magnitude unless you took a system in which the greater part of the mass of the
atom was concentrated in a minute nucleus. It was then that I had the idea of an
atom with a minute massive center carrying a charge. I worked out mathematically
what laws the scattering should obey, and I found that the number of particles scat-
tered through a given angle should be proportional to the thickness of the scatter-
ing foil, the square of the nuclear charge, and inversely proportional to the fourth
power of the velocity. These deductions were later verified by Geiger and Marsden
in a series of beautiful experiments.’

The essential experimental features of Rutherford’s apparatus are shown in
Figure 4.10. A finely collimated beam of « particles emitted with speeds of
about 2 X 107 m/s struck a thin gold foil several thousand atomic layers thick.
Most of the o’s passed straight through the foil along the line DD’ (again
showing the porosity of the atom), but some were scattered at an angle ¢. The
number of scattered a’s at each angle per unit detector area and per unit time

Microscope

Zinc sulfide
screen

>

Vacuum o-emitter (radon)
chamber and collimator

Figure 4.10 A schematic view of Rutherford’s « scattering apparatus.

TAn essay on “The Development of the Theory of Atomic Structure,” 1936, Lord Rutherford, pub-
lished in Background to Modern Science, New York, Macmillan Company, 1940.
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Figure 4.11 Scattering of « particles by a dense, positively charged nucleus.

was measured by counting the scintillations produced by scattered o’s on the
ZnS screen. These scintillations were counted with the aid of the microscope.
The distance from the point where « particles strike the foil to the zinc sulfide
screen is denoted Rin Figure 4.10.

Rutherford’s basic insight was that because the mass and kinetic energy of
the o’s are large, even a nearly head-on collision with a particle with the mass
of a hydrogen atom would deflect the a particle only slightly and knock the
hydrogen atom straight ahead. Multiple scattering of the « particles in the
foil accounted for the small broadening (about 1°) originally observed by
Rutherford, but it could not account for the occasional large-scale deflections.
On the other hand,® if all of the positive charge in an atom is assumed to be
concentrated at a single central point and not spread out throughout the
atom, the electric repulsion experienced by an incident « particle in a head-
on collision becomes much greater. Because the charge and mass of the gold
atom are concentrated at the nucleus, large deflections of the «a particle could
be experienced in a single collision with the massive nucleus. This situation is
shown in Figure 4.11.

EXAMPLE 4.4 Collision of an « Particle
with a Proton

(a) An «a particle of mass m, and speed v, strikes a sta- and

tionary proton with mass m,. If the collision is elastic and

head-on, show that the speed of the proton after the col- , my — my
li‘sion, Up, anq the speed of the a particle after the colli- Vo = Mg + m, Ya
sion, vy, are given by

'Up:

( 2mg ) y (b) Calculate the percent change in velocity for an «
(¢3

Mo + My particle colliding with a proton.

8A dangerous expression that never fails to bring to mind President Truman’s infamous request:
“If you know of any one-handed economists, bring them to me.”
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Solution (a) Because the collision is elastic, the total

kinetic energy is conserved; therefore,
1 _1 1
Qmavi = Qmav(’)‘2 + Qmpv}% (1)

Conservation of momentum for this one-dimensional
collision yields

MUy = MpUp + MUl (2)
Solving Equation 1 for (m,v})? yields
(mav;)z)g = ma(mavg - mpvg) (3)

Solving Equation 2 for (m,vl)? and equating this to
Equation 3 gives
(mgvg)? + (mpv][,)2 = 2mampavp = (myug)? — mampvg
or
(mpvp) (mpvp, — 2mavy + Mmyvp) = 0

The solutions to this equation are

vp:O

THE PARTICLE NATURE OF MATTER

and
_ 2m
vp_<ma+mp)va (4)

Because the proton must move when struck by the heavy
« particle, Equation 4 is the only physically reasonable so-
lution for vj,. The solution for v, follows immediately
from the substitution of Equation 4 into Equation 2.

Solution (b) Because an « particle consists of two pro-
tons and two neutrons, m, = 4my,. Thus,

v=< 2m >v=<8mp>v
P me + my “ 5my, “

) <ma—mp> <3mp)
vy =|——]vu, = v,
“ my + my, “ 5my, “

The percent change in velocity of the a particle is

1.60v,

0.600,

% change in v, = <u> X 100% = —40%
va

Exercise 2 An « particle with initial velocity v, undergoes an elastic, head-on colli-
sion with an electron initially at rest. Using the fact that an electron’s mass is about
1/2000 of the proton mass, calculate the final velocities of the electron and « particle
and the percent change in velocity of the « particle.

Answers v, = 1.998v,, v, = 0.9998v,, and the percent change in v, = —0.02%.

In his analysis, Rutherford assumed that large-angle scattering is produced
by a single nuclear collision and that the repulsive force between an « particle
and a nucleus separated by a distance ris given by Coulomb’s law,

_ 202

F 2

(4.15)

r

where +2¢is the charge on the «, +Z¢ is the nuclear charge, and k is the
Coulomb constant. With this assumption, Rutherford was able to show that
the number of « particles entering the detector per unit time, An, at an angle

¢ is given by

An =

k27264 NnA
4R (3mau)*sin*(¢/2)

(4.16)

Here R and ¢ are defined in Figure 4.10, Nis the number of nuclei per unit
area of the foil (and is thus proportional to the foil thickness), »n is the total
number of « particles incident on the target per unit time, and A is the area of
the detector. The dependence of scattering on foil thickness, a particle speed,
and scattering angle was confirmed experimentally by Geiger and Marsden.?

9H. Geiger and E. Marsden, “Deflection of a-Particles through Large Angles,” Phil. Mag. (6)25:605,

1913.
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Figure 4.12 Comparison of theory and experiment for « particle scattering from a
silver foil. (From E. Rutherford, |. Chadwick, and J. Ellis, Radiations from Radioactive Sub-
stances, Cambridge, Cambridge University Press, 1951.)

Because the values of atomic number (Z) were uncertain at the time, the
scattering dependence on Z could not be directly checked. Turning the argu-
ment around, however, and assuming the correctness of Equation 4.16, one
could find the value of Z that gave the best fit of this equation to the experi-
mental data points. An illustration of this sensitive technique for determining
Zfor a silver foil is shown in Figure 4.12. Note that changing Z produces only a
vertical shift in the graph and not a change in shape.

Much of the remarkable experimental work of the ingenious Lord
Rutherford can be credited to an ability to use his current discoveries to probe
even deeper into nature’s mysteries. For example, he turned his studies of the
transmission of radioactive particles through matter into a sensitive and deli-
cate technique for probing the atom. Another example was his clever tech-
nique for measuring the size of the nucleus. Realizing that Equation 4.15
would hold only if the a particle did not have enough energy to deform or
penetrate the scattering nucleus, he systematically looked for the threshold «
energy at which departures from his scattering equation occurred, the idea
being that at this threshold energy the a should be just penetrating the
nuclear radius at its distance of closest approach. Following Rutherford, we set
the kinetic energy of the « at infinity equal to the potential energy of the sys-
tem (a + target nucleus) at the distance of closest approach, dj,, or

X (Ze) (2¢)

dmin

myva = (4.17)

5

o=

Equation 4.17 may then be solved for d,;, to determine the distance of closest
approach. In the case when the kinetic energy of the « is so high that Equa-
tion 4.16 begins to fail, this distance of closest approach is approximately
equal to the nuclear radius.

Rutherford was confronted with the experimental dilemma that no fail-
ures of Equations 4.15 or 4.16 were found for heavy metal foils with the most
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energetic naturally occurring « particles available to him (= 8 MeV). Showing
characteristic economy, instead of embarking on a particle accelerator pro-
gram, he made use of metals like aluminum with lower Z’s and hence lower
Coulomb barriers to « penetration.lo Thus, in 1919, he was able to determine
the nuclear radius of aluminum to be about 5 X 1071% m.

EXAMPLE 4.5 Estimate of the Radius of the
Aluminum Nucleus

In 1919, Rutherford was able to show a breakdown in
Equation 4.16 for 7.7-MeV «a particles scattered at large
angles from aluminum nuclei (Z= 13). Estimate the
radius of the aluminum nucleus from these facts.

Solution Rutherford’s scattering formula is no longer
valid when « particles begin to penetrate or touch the
nucleus. When the « particle is very far from the alu-
minum nucleus, its kinetic energy is 7.7 MeV. This is also
the total energy of the system (« particle plus aluminum
nucleus), because the aluminum nucleus is at rest and
the potential energy is zero for an infinite separation of
particles. When the «a particle is at the point of closest
approach to the aluminum nucleus in a head-on colli-
sion, its kinetic energy is zero and it is at a distance dyjp,

which we may take to be the radius of the aluminum nu-
cleus. At this point, the kinetic energy of the system is
zero and the total energy is just the potential energy of
the system. Applying conservation of energy gives

k(Ze) (2
K, = potential energy at closest approach = MZe)@9)
dmin
or
27¢%
Amin = k
min K

~2(18)(1.60 X 10719.C)? (8.99 X 10° N-m?/C?)
(7.7 X 105 V) (1.60 X 107 19]/eV)
49 X 107 m

The overall success of the Rutherford nuclear model was striking.
Rutherford and his students had shown that all the mass and positive charge
Ze were concentrated in a minute nucleus of the atom of diameter 10™!* m
and that Z electrons must circle the nucleus in some way. As with all great
discoveries, however, the idea of the nuclear atom raised a swarm of questions
at the next deeper level: (1) If there are only Z protons in the nucleus,
what composes the other half of the nuclear mass? (2) What provides the
cohesive force to keep many protons confined in the incredibly small distance
of 107 * m? (3) How do the electrons move around the nucleus to form a sta-
ble atom, and how does their motion account for the observed spectral lines?

Rutherford had no precise answer to the first question. He speculated that
the difference between the mass of Z protons and the total nuclear mass could
be accounted for by additional groupings of neutral particles, each consisting
of a bound electron-proton pair. This conjecture seemed especially satistying
because it built the atom out of the most fundamental particles then known to

exist.

In answer to the second question, Rutherford cautiously held that electrical
forces provided the cement to hold the nucleus together. He wrote, “The
nucleus, though of minute dimensions, is in itself a very complex system

19Rutherford was famous for the remark to his graduate students, “There is no money for appara-
tus—we shall have to use our heads” (A. Keller, Infancy of Atomic Physics: Hercules in His Cradle,
Oxford, Clarendon Press, 1983, p. 215).
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Figure 4.13 Bohr (on the right) and Rutherford (on the left) were literal as well as
intellectual supports for each other. This photograph of Bohr and Rutherford sitting
back to back was taken at a rowing regatta in June, 1923 at Cambridge University. (AIP
Niels Bohr Library, and Physics Today October 1985, an issue devoted to Bohr:)

consisting of positively and negatively charged bodies bound closely together
by intense electrical forces.” In fact, it was not until 1921 that it was clearly rec-
ognized that the Coulomb force did not hold the nucleus together and that a
completely new and very strong type of force binds protons together. Interest-
ingly it was James Chadwick, the discoverer of the neutron, who first recog-
nized that a new force of much more than electric intensity was at work in the
nucleus.!! Perhaps Rutherford’s magnificent achievement of explaining «
scattering with the Coulomb law blinded him to the possibility that this was
not the ultimate law at work within the nucleus.

The answer to the third question was not to be given by Rutherford. That
was to be the masterwork of Niels Bohr (Fig. 4.13). Even so, with characteristic
insight, Rutherford mentioned a planetary model of the atom or, more
precisely, that negative charges revolved around the dense positive core as the
planets revolved around the Sun.!?

4.3 THE BOHR ATOM

Bohr’s original quantum theory of spectra was one of the most revolutionary, I sup-
pose, that was ever given to science, and I do not know of any theory that has been
more successful . .. . I consider the work of Bohr one of the greatest triumphs of
the human mind. (Lord Rutherford)

Then it is one of the greatest discoveries. (Albert Einstein, on hearing of Bohr’s theo-
retical calculation of the Rydberg constants for hydrogen and singly ionized helium)

17y, Chadwick and E. S. Biele, Phil. Mag. 42:923, 1921.

2Thomson and Hantaro Nagaoka, a Japanese physicist, had worked even earlier with planetary
atomic models in 1904.
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Spectral Series

Before looking in detail at the first successful theory of atomic dynamics,
we review the experimental work on line spectra that served as the impetus
for and the clear confirmation of the first quantum theory of the atom. As
already pointed out in Chapter 3, glowing solids and liquids (and even gases
at the high densities found in stars) emit a continuous distribution of
wavelengths. This distribution exhibits a common shape for the intensity-
versus-wavelength curve, and the peak in this curve shifts toward shorter
wavelengths with increasing temperature. This universal “blackbody” curve is
shown in Figure 4.14.

In sharp contrast to this continuous spectrum is the discrete line spectrum
emitted by a low-pressure gas subject to an electric discharge. When the light
from such a low-pressure gas discharge is examined with a spectroscope, it is
found to consist of a few bright lines of pure color on a dark background. This
contrasts sharply with the continuous rainbow of colors seen when a glowing
solid is viewed through a spectroscope. Furthermore, as can be seen from
Figure 4.15, the wavelengths contained in a given line spectrum are character-
istic of the particular element emitting the light. (Also see the inside front
cover.) The simplest line spectrum is observed for atomic hydrogen, and we
shall describe this spectrum in detail. Other atoms, such as mercury, helium,
and neon, give completely different line spectra. Because no two elements
emit the same line spectrum, this phenomenon represents a practical and
sensitive technique for identifying the elements present in unknown samples.
In fact, by 1860 spectroscopy had advanced so far in the hands of Gustav
Robert Kirchhoff (Fig. 4.16) and Robert Wilhelm von Bunsen (Fig. 4.17) at
the University of Heidelberg that they were able to discover two new elements,
rubidium and cesium, by observing new sequences of spectral lines in mineral
samples. Improvements in instruments and techniques resulted in an
enormous growth in spectral analysis in Europe from 1860 to 1900. Even the
European public imagination was captured by spectroscopy when spectro-
scopic techniques showed that “celestial” meteorites consisted only of known
Earth elements after all.
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Figure 4.14 Intensity versus wavelength for a body heated to 6000 K.
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Figure 4.15 FEmission line spectra of a few representative elements.

Kirchhoff’s immense contribution to spectroscopy is also shown by another
advance he made in 1859—the foundation of absorption spectroscopy and
the explanation of Fraunhofer’s dark D-lines in the solar spectrum.!® In 1814,
Joseph Fraunhofer had passed the continuous spectrum from the Sun
through a narrow slit and then through a prism. He observed the surprising
result of nearly 1000 fine dark lines, or gaps, in the continuous rainbow
spectrum of the Sun, and he assigned the letters A, B, C, D ... to the most

Figure 4.17 Robert Wilhelm von Bunsen (1811-1899). Bunsen is pictured with
his most famous invention, the gas laboratory burner named for him. The great-
est achievement of this fine chemist, however, was the development, with Kirchhoff, of
the powerful analytical method of spectral analysis. (AIP Emilio Segre Visual Archives,
E. Scott Barr Collection)

13G. Kirchhoff, Monatsber., Berlin, 1859, p. 662.
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Figure 4.16 Gustav Robert
Kirchhoff (1824-1887). Yes,
this is the same fellow who
brought us the circuit loop the-
orem and established the con-
nection between the absorption
and emission of an object (see
Section 3.2). (AIP Emilio Segre
Visual ~Archives, W.E  Meggers
Collection)
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Image not available due to copyright restrictions

prominent dark lines. These lines and many more are shown in Figure 4.18.
Kirchhoff correctly deduced that the mysterious dark lines are produced by a
cloud of vaporized atoms in the Sun’s outer, cooler layers, which absorb at dis-
crete frequencies the intense continuous radiation from the center of the Sun.
Further, he showed that the Fraunhofer D-lines were produced by vaporized
sodium and that they had the same wavelengths as the strong yellow lines in
the emission spectrum of sodium. Kirchhoff also correctly deduced that all of
Fraunhofer’s dark lines should be attributable to absorption by different ele-
ments present in the Sun. In a single stroke he opened the way to determining
the elemental composition of stars trillions of miles from the Earth. His ele-
gant yet simple method for demonstrating the presence of sodium vapor in
the solar atmosphere is shown in schematic form in Figure 4.19.

Today, absorption spectroscopy is certainly as important as emission spec-
troscopy for qualitative and quantitative analyses of elements and molecular
groups. In general, one obtains an absorption spectrum by passing light from
a continuous source [whether in the ultraviolet (uv), visible (vis), or infrared
(IR) regions] through a gas of the element being analyzed. The absorption
spectrum consists of a series of dark lines superimposed on the otherwise con-
tinuous spectrum emitted by the source. Each line in the absorption spectrum
of an element coincides with a line in the emission spectrum of that same
element; however, not all of the emission lines are present in an absorption
spectrum. The differences between emission and absorption spectra are com-
plicated in general and depend on the temperature of the absorbing vapor.
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Figure 4.19 Kirchhoff’s experiment explaining the Fraunhofer D-lines. The D-lines
darken noticeably when sodium vapor is introduced between the slit and the prism.

An interesting use of the coincidence of absorption and emission lines is
made in the atomic absorption spectrometer. This device is routinely used to
measure parts per million (ppm) of metals in unknowns. For example, if sodium
is to be measured, a sodium lamp emitting a line spectrum is chosen as the light
source. The unknown is heated in a hot flame (usually oxyacetylene) to vaporize
the sample, to break the chemical bonds of sodium to other elements, and to
produce a gas of elemental sodium. The spectrometer is then tuned to a wave-
length for which both absorption and emission lines exist (say, one of the D-lines
at 588.99 or 589.59 nm), and the amount of darkening or decrease in intensity is
measured with a sensitive photomultiplier. The decrease in intensity is a measure
of the sodium concentration. With proper calibration, concentrations of 0.1 ppm
can be measured with this extremely selective technique. Atomic absorption
spectroscopy has been a useful technique in analyzing heavy-metal contamina-
tion of the food chain. For example, the first determinations of high levels of
mercury in tuna fish were made with atomic absorption.

From 1860 to 1885 spectroscopic measurements accumulated voluminously,
burying frenzied theoreticians under a mountain of data. Accurate measure-
ments of four visible emission lines of hydrogen had recently been made by
Anders Angstrém, a Swedish physicist, when in 1885 a Swiss schoolteacher,
Johann Jakob Balmer, published a paper with the unpretentious title “Notice
Concerning the Spectral Lines of Hydrogen.” By trial and error Balmer had
found a formula that correctly predicted the wavelengths of Angstrom’s four
visible lines: H, (red), Hg (green), H, (blue), and Hs (violet). Figure 4.20
shows these and other lines in the emission spectrum of hydrogen. Balmer

gave his formula in the form
n?

2722> n=23%4,5,... (4.18)
e

Alcm) = Cg(

where A is the wavelength emitted in cm and Cy = 3645.6 X 1078 cm, a
constant called the convergence limit because it gave the wavelength of
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Figure 4.20 The Balmer se-
ries of spectral lines for hydro-
gen (emission spectrum).
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the line with the largest n value (n = ). Also, note that n = 3, 4, 5, .. .,
where H, has n = 3, Hg has n = 4, and so forth. Although only four lines
were known to Balmer when he started his paper, by the time he had fin-
ished, ten more lines in the violet and ultraviolet had been measured. Much
to his delight and satisfaction, these lines agreed with his empirical formula
to within 0.1%! Encouraged by his success and because he was a bit of a
numerologist, Balmer suggested that other hydrogen series might exist
of the form

2

. n
A= G|

A_C<"_2
4 n2_42

> n=4,56, ... (4.19)

> n=25,6,7,... (4.20)

As we now know, his speculations were correct, and these series do indeed
exist. In today’s notation, all of these series are given by a single formula:

Lor(&-%) 421
R e (4:21)

ng nj

where ngand n; are integers. The Rydberg constant, R, is the same for all series
and has the value

R =1.0973732 X 10" m~! (4.22)

Note that for a given series, ny has a constant value. Furthermore, for a given
series n; = ng + 1, ng + 2, ... . Table 4.1 lists the name of each series (named
after their discoverers) and the integers that define the series.

Bohr’s Quantum Model of the Atom

In April of 1913, a young Danish physicist, Niels Bohr (who had recently been
working with both Thomson and Rutherford), published a three-part paper
that shook the world of physics to its foundations.!* Not only did this young
rebel give the first successful theory of atomic line spectra but in the process
he overthrew some of the most cherished principles of the reigning king of
electromagnetism, James Clerk Maxwell.

Table 4.1 Some Spectral Series for the

Hydrogen Atom
Lyman Series (uv) ng=1 n; = 2,3, 4,
Balmer Series (vis—uv) ng= 2 n; = 3,4,5,
Paschen Series (IR) ng=3 n; = 4,5, 6,
Brackett Series IR) ng =4 n; =5,6,7,
Pfund Series (IR) ng=2>5 n; =6,7,8,

I4N. Bohr, “On the Constitution of Atoms and Molecules,” Phil. Mag. 26:1, 1913. Also, N. Bohr,
Nature 92:231, 1913.
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From our point of view, Bohr’s model may seem only a reasonable next
step, but it appeared astounding, confounding, and incredibly bold to
his contemporaries. As mentioned earlier, both Thomson and Rutherford
realized that the electrons must revolve about the nucleus in order to avoid
falling into it. They, along with Bohr, realized that according to Maxwell’s
theory, accelerated charges revolving with orbital frequency fshould radiate
light waves of frequency f. Unfortunately, pushed to its logical conclusion,
this classical model leads to disaster. As the electron radiates energy, its
orbit radius steadily decreases and its frequency of revolution increases.
This leads to an ever-increasing frequency of emitted radiation and an
ultimate catastrophic collapse of the atom as the electron plunges into
the nucleus (Fig. 4.21).

These deductions of electrons falling into the nucleus and a continuous
emission spectrum from elements were boldly circumvented by Bohr. He sim-
ply postulated that classical radiation theory, which had been confirmed by
Hertz’s detection of radio waves using large circuits, did not hold for atomic-
sized systems. Moreover, he drew on the work of Planck and Einstein as
sources of the correct theory of atomic systems. He overcame the problem of a
classical electron that continually lost energy by applying Planck’s ideas of
quantized energy levels to orbiting atomic electrons. Thus he postulated that
electrons in atoms are generally confined to certain stable, nonradiating
energy levels and orbits known as stationary states.!”> He applied Einstein’s
concept of the photon to arrive at an expression for the frequency of the light
emitted when the electron jumps from one stationary state to another. Thus, if
AE is the separation of two possible electronic stationary states, then AE = Af,
where 7 is Planck’s constant and fis the frequency of the emitted light regard-
less of the frequency of the electron’s orbital motion. In this way, by combin-
ing certain principles of classical mechanics with new quantum principles of
light emission, Bohr arrived at a theory of the atom that agreed remarkably
with experiment.

Radiated light of
ever shorter 4

AN

Figure 4.21 The classical model of the nuclear atom.

f cycles/s

15Stationary state was a term used by Bohr to mean a state of an atom that was stable, nonradiating,
and had an energy constant with time. It does not mean “fixed in position” or “without motion,”
since electrons in stationary orbits move with high speed.
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Assumptions of the Bohr

theory

Figure 4.22 Diagram repre-
senting Bohr’s model of the hy-
drogen atom.

THE PARTICLE NATURE OF MATTER

Now that we have looked at the general principles of Bohr’s model of hy-
drogen and at the detailed experimental spectra already discovered by 1913,
let us examine Bohr’s quantum theory in detail. The basic ideas of the Bohr
theory as it applies to an atom of hydrogen are as follows:

e The electron moves in circular orbits about the proton under the
influence of the Coulomb force of attraction, as in Figure 4.22. So far
nothing new!

e Only certain orbits are stable. These stable orbits are ones in which the
electron does not radiate. Hence the energy is fixed or stationary in time,
and ordinary classical mechanics may be used to describe the electron’s
motion in these stable orbits.

» Radiation is emitted by the atom when the electron “jumps” from a more
energetic initial stationary state to a less energetic lower state. This
“jump” cannot be visualized or treated classically. In particular, the fre-
quency f of the photon emitted in the jump is independent of the
frequency of the electron’s orbital motion. Instead, the frequency of
the light emitted is related to the change in the atom’s energy and is
given by the Planck-Einstein formula

Ei - Ef = hf (423)
where Ej is the energy of the initial state, Ey is the energy of the final
state, and E; > Ey.

e The size of the allowed electron orbits is determined by an addi-
tional quantum condition imposed on the electron’s orbital angular
momentum. Namely, the allowed orbits are those for which the electron’s
orbital angular momentum about the nucleus is an integral multiple

of h = h/2m,

mevr = nh n=1,2,3,... (4.24)

Using these four assumptions, we can now calculate the allowed energy
levels and emission wavelengths of the hydrogen atom. Recall that the elec-
trical potential energy of the system shown in Figure 4.22 is given by
U= qV = —ke%/r, where k (the Coulomb constant) has the value 1/4g,.
Thus, the total energy of the atom, which contains both kinetic and poten-
tial energy terms, is

2

_ _1 2 _ &
E=K+ U=3mev k
r

(4.25)

Applying Newton’s second law to this system, we see that the Coulomb attrac-
tive force on the electron, ke?/r% must equal the mass times the centripetal
acceleration of the electron, or

From this expression, we immediately find the kinetic energy to be

K= mev? _ ke?

— 4.
2 2r (4.26)
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Substituting this value of K into Equation 4.25 gives the total energy of the
atom as
_ ke?

E= oy (4.27)

Note that the total energy is negative, indicating a bound electron—proton
system. This means that energy in the amount of ke?/2r must be added to the
atom to remove the electron to infinity and leave it motionless. An expression
for r, the radius of the electron orbit, may be obtained by eliminating v
between Equations 4.24 and 4.26:

n2h?

meke?

n=1,23,... (4.28)

T =

Equation 4.28 shows that only certain orbits are allowed and that these
preferred orbits follow from the nonclassical step of requiring the electron’s
angular momentum to be an integral multiple of /. The smallest radius occurs
for n =1, is called the Bohr radius, and is denoted a( The value for the
Bohr radius is
72 o
a =5 = 0.529 A = 0.0529 nm (4.29)

5 =
meke

The fact that Bohr’s theory gave a value for @ in good agreement with the
experimental size of hydrogen without any empirical calibration of orbit size
was considered a striking triumph for this theory. The first three Bohr orbits
are shown to scale in Figure 4.23.

The quantization of the orbit radii immediately leads to energy quantiza-
tion. This can be seen by substituting r, = na, into Equation 4.27, giving for
the allowed energy levels

ke [ 1
E,=— —r n=123,... (4.30)
2610 n

Inserting numerical values into Equation 4.30 gives

13.6
E, = — eV n=123, ... (4.31)

n2

The integers n corresponding to the discrete, or quantized, values of
the atom’s energy have the special name quantum numbers. Quantum
numbers are central to quantum theory and in general refer to the set of
integers that label the discrete values of important atomic quantities,
such as energy and angular momentum. The lowest stationary, or nonradiat-
ing, state is called the ground state, has n =1, and has an energy
E; = —13.6 eV. The next state, or first excited state, has n = 2 and an en-
ergy Ey = E1/2? = —3.4 eV. An energy-level diagram showing the energies
of these discrete energy states and the corresponding quantum numbers
is shown in Figure 4.24. The uppermost level, corresponding to n = « (or
r = ©) and £ = 0, represents the state for which the electron is removed
from the atom and is motionless. The minimum energy required to ionize
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Radii of Bohr orbits in
hydrogen

7, = n2a0 n=123,..

Figure 4.23 The first three
Bohr orbits for hydrogen.

Energy levels of hydrogen

Quantum numbers
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Emission wavelengths of

hydrogen
n E (eV)
oo 0.00
5 -0.54
4 J -0.85
3 —1.F
Paschen
series
2 -3.40
Balmer
series
Lyman
series
1 -13.6

Figure 4.24 An energylevel
diagram for hydrogen. In such
diagrams the allowed energies
are plotted on the vertical axis.
Nothing is plotted on the hori-
zontal axis, but the horizontal ex-
tent of the diagram is made large
enough to show allowed transi-
tions. Note that the quantum
numbers are given on the left.

the atom (that is, to completely remove an electron in the ground state
from the proton’s influence) is called the ionization energy. As can be
seen from Figure 4.24, the ionization energy for hydrogen based on Bohr’s
calculation is 13.6 eV. This constituted another major achievement for the
Bohr theory, because the ionization energy for hydrogen had already been
measured to be precisely 13.6 eV.

Equation 4.30 together with Bohr’s third postulate can be used to calculate
the frequency of the photon emitted when the electron jumps from an outer
orbit to an inner orbit:

4.3
T (4.32)

CE e (1 1)
f h 2doh

Because the quantity actually measured is wavelength, it is convenient to con-
vert frequency to wavelength using ¢ = fA to get

1 _f_ ke (L_L> (4.33)

The remarkable fact is that the theoretical expression, Equation 4.33, is identi-
cal to Balmer’s empirical relation

1 1 1
— =R <—2 - —2> (4.34)

A ng n;

provided that the combination of constants ke?/ 2aphc is equal to the experi-
mentally determined Rydberg constant, R = 1.0973732 X 10? m~!. When
Bohr demonstrated the agreement of these two quantities to a precision of
about 1% late in 1913, it was recognized as the crowning achievement of his
quantum theory of hydrogen. Furthermore, Bohr showed that all of the
observed spectral series for hydrogen mentioned previously in this section
have a natural interpretation in his theory. These spectral series are shown as
transitions between energy levels in Figure 4.24.

Bohr immediately extended his model for hydrogen to other elements in
which all but one electron had been removed. Ionized elements such as He ™,
Li2", and Be®™ were suspected to exist in hot stellar atmospheres, where fre-
quent atomic collisions occurred with enough energy to completely remove
one or more atomic electrons. Bohr showed that several mysterious lines
observed in the Sun and stars could not be due to hydrogen, but were
correctly predicted by his theory if attributed to singly ionized helium. In
general, to describe a single electron orbiting a fixed nucleus of charge +Ze,
Bohr’s theory gives

ag
Ty = (n2) 7 (4.35)
and
ke [ 72
E,=— 5 n=123, ... (4.36)
2a0 \ n
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EXAMPLE 4.6 Spectral Lines from
the Star {-Puppis

The mysterious lines observed by the American as-
tronomer Edward Charles Pickering in 1896 in the spec-
trum of the star {-Puppis fit the empirical formula

T
A (n/2)*  (ni/2)?
where R is, again, the Rydberg constant. Show that these

lines can be explained by the Bohr theory as originating
from He™*.

Solution He' has Z=2. Thus, the allowed energy
levels are given by Equation 4.36 as

g e (i)
" 2@0 1’L2
Using af = E; — E¢we find

_M_k_’fz(i_i)
/ h 2agh

ke? < 11 >
2aph \ (ng/2)*  (ni/2)?
or

17f:ke2< 1 )
A c 2aphe \ (ng/2)? (ni/2)?

This is the desired solution, because R = ke?/2ahc.

EXAMPLE 4.7 An Electronic Transition
in Hydrogen

The electron in a hydrogen atom at rest makes a transition
from the n = 2 energy state to the n = 1 ground state.

(a) Find the wavelength, frequency, and energy (eV)
of the emitted photon.

Solution We can use Equation 4.34 directly to obtain A,
with n; = 2 and ny = 1:

e
A n? n?

3R 3(1.097 X 107 m 1)
=1.215 X 107" m = 121.5 nm

This wavelength lies in the ultraviolet region.
Because ¢ = fA, the frequency of the photon is
¢ 3.00 X 108 m/s
== =947 X 10PH
JE X T Tex107m ’

The energy of the photon is given by E = hf, so

4.3 THE BOHR ATOM 135

E=hf
= (4.136 X 10715 eV +5)(2.47 X 10" Hz) = 10.2 eV

(b) The calculation of part (a) assumes that all of
the n = 2 to n = 1 transition energy is carried off by the
photon; however, this is technically incorrect because
some of this energy must go into the recoil motion of the
atom. Using conservation of momentum as it applies to
the system (atom + photon), and assuming that the re-
coil energy of the atom is small compared with the n = 2
to n =1 energylevel separation, find the momentum
and energy of the recoiling hydrogen atom.

Solution Because momentum is conserved, and the to-
tal momentum before emission is zero, the total momen-
tum after emission must also be zero. The photon and
atom therefore move off in opposite directions, with
- Eph()ton

¢
where m and v are the mass and recoil speed of the hy-
drogen atom, Eppoon is the actual energy of the photon
(less than 10.2 eV), and ¢ is the speed of light. Because
the energy difference between the n = 2 and n = 1 lev-
els, E, is the source of both the photon energy and the
recoil kinetic energy of the atom, we can write

N 1 2
E= bphoton + g mu

Because the atom is massive, we can assume that its recoil
speed v and kinetic energy are so small that E= E,po0n-
Substituting Eppoton = 10.2 €V into the expression for mv
yields

mv = 10.2 eV/c

The (approximate) recoil kinetic energy of the hydrogen
atom can now be calculated:

1, 1 2 10.2 eV)?
K= _mvz — _ﬂ — (0.5) %
2 2 m mc

.5) (10. 2
_ ODUO2V)” _ f 6w 1078 ev

938.8 X 10 eV

Thus the fraction of the energy difference between
the n = 2 and n = 1 levels that goes into atomic recoil en-
ergy is very small, approximately 5 parts per billion:

K 556 X108 eV

= =54x%x107Y
E 10.2 eV

Evidently the process of simply equating the photon’s
energy to the atomic energy-level separation yields accu-
rate answers because little energy is needed to conserve
momentum.
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Exercise 3 Check the approximation that E= Eppaon made in Example 4.7 by
directly calculating the recoil kinetic energy of the hydrogen atom, 1/2mv?. (Hini:
Solve mv = Eppoton/ ¢ and E = Eppoon + 1/2mv? simultaneously to show v = E/mc,
calculate the numerical value of 1/2mv? and compare this answer to the result given
in Example 4.7.)

Exercise 4 What is the wavelength of the photon emitted by hydrogen when the elec-

tron makes a transition from the n = 3 state to the n = 1 state?

9
Answer ﬁ = 102.6 nm.

EXAMPLE 4.8 The Balmer Series for Hydrogen

The Balmer series for the hydrogen atom corresponds to
electronic transitions that terminate in the state of quan-
tum number n = 2, as shown in Figure 4.24.

(a) Find the longest-wavelength photon emitted and
determine its energy.

Solution The longest-wavelength (least-energetic) pho-
ton in the Balmer series results from the transition from
n = 3 to n = 2. Using Equation 4.34 gives

1 (g _ L) _5
Amax 22 32 36
36 _ 36

5R  5(1.097 X 107 m™1)

)\max -

= 656.3 nm

This wavelength is in the red region of the visible spec-
trum.
The energy of this photon is

he

Ephoton = hf:

AII]'(LX

(6.626 X 10731]-5)(3.00 X 108 m/s)
656.3 X 1079 m

3.03 X 10719 = 1.89 eV

We could also obtain the energy of the photon by using the
expression hf = E3 — Eo, where Eo and Eg3 are the energy
levels of the hydrogen atom, which can be calculated from
Equation 4.31. Note that this is the lowest-energy photon in
this series because it involves the smallest energy change.

(b) Find the shortest-wavelength photon emitted in
the Balmer series.

Solution The shortest-wavelength (most-energetic) pho-
ton in the Balmer series is emitted when the electron
makes a transition from n = % to n = 2. Therefore,

A = 364.6
min R nm

1.097 X 107 m~!

This wavelength is in the ultraviolet region and corre-
sponds to the series limit.

Exercise 5 Find the energy of the shortest-wavelength photon emitted in the Balmer

series for hydrogen.

Answer 3.40 eV.

Although the theoretical derivation of the line spectrum was a remarkable feat
in itself, the scope and impact of Bohr’s monumental achievement is truly seen
only when it is realized what else he treated in his three-part paper of 1913:

e He explained why fewer lines are seen in the absorption spectrum of

hydrogen than in the emission spectrum.
e He explained the emission of x rays from atoms.
e He explained the nuclear origin of B particles.
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e He explained the chemical properties of atoms in terms of the electron
shell model.
¢ He explained how atoms associate to form molecules.

Two of these topics, the comparison of absorption and emission in hydrogen
and the shell structure of atoms, are of such general importance that they
deserve more explanation.

We have already pointed out that a gas will absorb at wavelengths that corre-
spond exactly to some emission lines, but not every line present in emission is
seen as a dark absorption line. Bohr explained absorption as the reverse of
emission; that is, an electron in a given energy state can only absorb a photon
of the exact frequency required to produce a “jump” from a lower energy state
to a higher energy state. Ordinarily, hydrogen atoms are in the ground state
(n=1) and so only the high-energy Lyman series corresponding to transi-
tions from the ground state to higher energy states is seen in absorption. The
longer-wavelength Balmer series corresponding to transitions originating in
the first excited state (n = 2) is not seen because the average thermal energy
of each atom is insufficient to raise the electron to the first excited state. That
is, the number of electrons in the first excited state is insufficient at ordinary
temperatures to produce measurable absorption.

EXAMPLE 4.9 Hydrogen in Its First
Excited State

Calculate the temperature at which many hydrogen
atoms will be in the first excited state (n = 2). What
series should be prominent in absorption at this temper-
ature? (Calculate both from Ny/N; = exp(—AE/kpT)

ature T'is

Ny

and from %kBT = average thermal energy.) ==

Ny
Solution At room temperature almost all hydrogen
atoms are in the ground state with an energy of
—13.6 eV. The first excited state (n = 2) has an energy
equal to E9 = —3.4 eV. Therefore, each hydrogen atom
must gain an energy of 10.2 eV to reach the first excited
state. If the atoms are to obtain this energy from heat, we

THE BOHR ATOM

¢ (Lo L) /kgT

22 010 = o~ (10.2eV)/kpT

In(0.10) = —

10.2 eV
kT

10.2 eV

137

follows that the ratio of the number of atoms in two
different energy levels in thermal equilibrium at temper-

where Ny is the number in the upper level, N; is the
number in the lower level, and AE is the energy separa-
tion of the two levels. Let us use this equation to deter-
mine the temperature at which approximately 10% of
the hydrogen atoms are in the n = 2 state.

must have N
ngT _ average thermal energy 109 eV M
atom or
or
_102eV 10.2 eV
(3/2)kp (1.5)(8.62 X 1075 eV/K) Solving for T gives
= 79,000 K 10.2 eV
Let us check this result by using the Boltzmann distri- - kg In(0.10) -
bution. In Section 3.3 we saw that the probability of find- = 51.000 K

ing an atom with energy E at temperature 7T'is

(8.62 X 107% eV/K)In(0.10)

P(E) = Pog*(E* Eo)/kgT

where Py is the probability of finding the atom in the
ground state of energy, Fy. From this expression, it

Thus the two estimates agree in order of magnitude
and show that the Balmer series will only be seen in
absorption if the absorbing gas is quite hot, as in a stellar
atmosphere.
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The final comment on Bohr’s work concerns his development of electronic
shell theory to treat multielectron atoms. In part II of his paper he attempted to
find stable electronic arrangements subject to the conditions that the total angu-
lar momentum of all the electrons is quantized and, simultaneously, that the total
energy is a minimum. This is a difficult problem, and one that becomes more dif-
ficult as more electrons are introduced into a system. Nevertheless, Bohr had
considerable success in explaining the chemical activity of multielectron atoms.
For example, he was able to show that neutral hydrogen could add another elec-
tron to become H™, and that neutral helium was particularly stable with a closed
innermost shell of two electrons and a high ionization potential. He also pro-
posed that lithium (Z = 3) had an electronic arrangement consisting of two elec-
trons in one orbit near the nucleus and the third in a large, loosely bound outer
orbit. This explains the tendency of lithium atoms to lose an electron and “take a
positive charge in chemical combinations with other elements.” Although we
cannot afford the luxury of looking in detail at all of Bohr’s predictions about
multielectron atoms, his basic ideas of shell structure are as follows:

« Electrons of elements with higher atomic number form stable concentric
rings, with definite numbers of electrons allowed for each ring or shell.
« The number of electrons in the outermost ring determines the valency.!®

>

108 cm o

Hydrogen Helium Lithium
Carbon Sodium

Argon

Figure 4.25 Bohr’s sketches of electronic orbits.

16G. N. Lewis, an American chemist, contributed much to our understanding of shell structure in
1916, building on Bohr’s remarkable foundation.
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With almost magical insight, Bohr ended part II of his classic paper
with the explanation of the similar chemical properties of the iron group
(Fe, Co, Ni) and the rare earths, which have atomic numbers that pro-
gressively increase by 1 and would not normally be expected to be chemi-
cally alike. The answer, according to Bohr, is that the configuration of
electrons in the outermost ring of these elements is identical and that it
is energetically more favorable to add electrons to inner rings. At the risk
of encouraging some to take the idea of electronic orbits too seriously,
Figure 4.25 shows some sketches of electronic orbits as drawn by Bohr
in the early 1900s.

4.4 BOHR’S CORRESPONDENCE PRINCIPLE, OR
WHY IS ANGULAR MOMENTUM QUANTIZED?

Where others might have left a wild and lawless gap between the revolutionary
new laws that apply to atomic systems and those that hold for classical systems,
Bohr provided a gentle and refined continuum in the form of the correspon-
dence principle. This principle states that predictions of quantum theory
must correspond to the predictions of classical physics in the region of
sizes where classical theory is known to hold. These classical sizes for
length, mass, and time are on the order of centimeters, grams, and seconds
and typically involve very large quantum numbers, as can be seen by calculat-
ing n for a hydrogen atom with a radius of 1 cm. If the quantum number
becomes large because of increased size or mass, we may state the correspon-
dence principle symbolically as
nl_l)rr; [quantum physics] = [classical physics]

where 7 is a typical quantum number of the system such as the quantum
number for hydrogen. In the hands of Bohr, the correspondence principle
became a masterful tool to test new quantum results as well as a source of
fundamental postulates about atomic systems. In fact, Bohr used reasoning
of this type to arrive at the concept of the quantization of the electron’s
orbital angular momentum. Both Bohr’s idea of discrete, nonradiating
energy states and the emission postulate for atoms were foreshadowed
by Planck’s quantization of the energy of blackbody oscillators and by
Einstein’s treatment of the photoelectric effect. However, the concept of
angular momentum quantization seems to have sprung full blown from
Bohr’s Gedankenkuche (thought kitchen), as so aptly expressed by Einstein.
Indeed, in some of his later writings Bohr emphasized the point of view that
the quantization of angular momentum was a postulate, underivable from
any deeper law, and that its validity depended simply on the agreement of
his model with experimental spectra.

What is most interesting is that in his 1913 paper Bohr ingeniously
showed that the quantization of angular momentum is a consequence of
the smooth and gradual emergence of classical results from quantum the-
ory in the limit of large quantum number. In particular, Bohr argued that
according to his correspondence principle, the quantum condition for
emission (AE = hf) and Maxwell’s classical radiation theory (electronic
charges with orbital frequency f radiate light waves of frequency f) must
simultaneously hold for the case of extremely large electronic orbits. This case is
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Figure 4.26 The classical limit
of the Bohr atom. Note that r;
and r9 are the radii of the two
adjacent quantum orbits, in
which the electron has orbital
angular frequencies of w; and
wy. We assume r; = r9 = r and
o] = wy = w; o is the angular
frequency of a photon emitted in
a transition from ry to ro.

THE PARTICLE NATURE OF MATTER

shown in Figure 4.26. In this figure, r; and r9 are the radii of two large
adjacent orbits that are separated in energy by an amount dF and o is the
orbital angular frequency of the electron, where o is approximately
constant in a transition between large orbits. (The algebra is simpler if
we use angular frequency instead of frequency. Recall that the connection is
o = 27f.) Because we want to determine the allowed values of the angu-
lar momentum from the known change in the atom’s energy when light
is emitted, we need the relation between the total energy of the atom,
E = —ke?/2r (Equation 4.27) and the magnitude of the total angular
momentum of the atom, L = m.vr= mewr>. Using the fact that the
electron is kept in orbit by the Coulomb force, it is not difficult to show that
1/r= mekeg/L2 (see Problem 30), so Equation 4.27 becomes

1 mk2et

E=—
2 1?2

(4.37)
Taking a derivative of Equation 4.37 gives the desired connection between the
change in energy and the change in angular momentum for the Bohr atom.
dE ket

" — # (4.38)

ar. L
Finally, we obtain dE/dL in terms of w, the electron orbital angular frequency,
by using I? = m.k*¢*/ » (see Problem 30). Thus,

dE - mek>et

dl. (mk2e*/ w) - (4.39)

Now consider the emission of a photon of energy dEf = iw" when the electron
makes a transition from 77 to ro. Equation 4.39 becomes

dE = o dL
or

heo' = wdL (4.40)

where o’ is the photon angular frequency and  is the electron orbital angular
frequency. Ordinarily, " and o are not simply related. However, because we
are dealing with large orbits in this situation, the correspondence principle
tells us that the quantum theory must predict the same frequency for the emit-
ted light as Maxwell’s law of radiation. Because Maxwell’s classical theory
requires the electron to radiate light of the same frequency as its orbital mo-
tion frequency, o' = w, and Equation 4.40 becomes

hw = o dL
or

dL =t (4.41)

Equation 4.41 shows that the change in electronic angular momentum for a
transition between adjacent, large electronic orbits is always fi. This means that
the magnitude of total angular momentum of the electron in a specific orbit

may be taken to have a value equal to an integral multiple of %, or
L= mcur= nh (4.42)

for n = large integers.
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